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Chapter 1

We'll be studying finite dimensional representation of GL,, C and its connections to com-
binatorics, including symmetric polynomials, Young Tableaux, crystals, JDQ and RSK,

webs, standard theory.

not doing, but good topics:
¢ oco-dimensional representations
¢ Cluster algebras

* total positivity

other Lie groups
° Sn
* GL, IF, representation theory.

All of these use the basic GL,, C theory. In addition, GL,, C representation theory is very

close to U(n)-represention theory.

1.1 Introduction

REMINDER TIME G a group, K a field, V' a k-vector space. Then a representation of G

on V is an action of G on V by K-linear maps G x V. — V,(gh)(v) = g(h(v)),id-v =
v,9(u+v) = g(u) + g(v), g(cv) = cg(v).

In other words, a homomorphism p : G — GL(V). We are looking at p : GL,,C —
GLy(C).

Let W = C" with the standard GL,, C action. We like:
e W, WaoW.
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o W® AW and Sym* W,
e WV = Hom(W,C).
e C, g+ (detg)k, k € Z.

Some representations we don’t want to study.
e |det(g)|*, o € R, not even when o = 1.
*g—g
e g— o(g), 0 € Gal(C/Q).

(They are not algebraic.)

Definition 1.1.1. We say that p : GL,, C — GLx/(C) is polynomial if the N? matrix entries
p(g)i; are polynomials in the entries of g, i.e. C[gpq]. We'll say p is algebraic if the p(g);; €
(C[gpqv (det 9)71]'

Definition 1.1.2. For any group G, and representation V' over a field K, we define the
character xy of V to be the function G — K given by xv(g) = tr(pv(g))

Notice that
xv(hgh™") = tr(py (hgh™")) = tr(pv (h)pv (9)pv (h) ") = tx(pv (9)) = xv (9)-

The diagonalizable matrices are dense in GL,, C, so any continuous function is deter-
mined by its values on diagonalizable matrices. So a continuous conjugacy invariant

function is determined by its values on diagonal matrices.

If V is a polynomial representation, then

21
XV € Clz1,- .-, 2n)-
Zn
(Z[z1,. .., 2y, in fact.)
If V is algebraic,
21
XV E(C[zf[,...,z,ﬂ.
Zn
(ZsolziE, ..., 2F], in fact.)
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In general,

21 Za(1)

Zn Zo(n)

So characters of polynomial/algebraic representations are symmetric polynomials/Laurent
polynomials.

Denote A, = Z[z1, . .., 2,)%", and AF = Z[z5, ..., 2E]%. A is symmetric polynomials in

oo-ly many vars.
1.2 Symmetric Polynomials
Ay = Zxy,. .. 20 AT =2z, ... 2F]5n

Definition 1.2.1. A partition is a weakly decreasing sequence of positive integers

)\12)\22...2)\g>0

We draw them as configuration of boxes called Young Diagrams.

| ‘<—>(47271).

French convention is increasing diagrams; Russian convention is angled.

We often pad our partitions with 0’s: (4,2,1), (4,2,1,0), ... The size of a partition |\| =
>_; Aj, which is the number of boxes. The length of a partition £()\) = #j,A; > 0. The
transpose of (4,2,1)7 = (3,2,1,1). (\T); = #i,\; > j.

Definition 1.2.2. The dominance order is the partial order defined by

Definition 1.2.3. Suppose A a partition, then

c1,.c n
Ap > my(z1,22,...,2)) = E e ay
(01,.--70“)6571()\1,...,)\”)
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NOTE We are not counting with multiplicity. All coefficients of m are 0 or 1:

my (1, T2, 23) = T1T2 + X123 + Tax3, # 2(2102 + T103 + T2x3).

So we have the monomial symmetric functions

L(A)<n
Definition 1.2.4.
ep(T1, ..., xn) = g Xiy Tiy - Tjy, = M1
11 <t2<...<ig
We have

EXida.. Ay = EX1EXg - - €N

We call e elementary symmetric functions.

Example 1.2.1.
es1(w,z,y,2) = ezer
= (way + wrz +wyz +ayz) - (w+z+y+2)
= (w’zy + ...) + dwzryz

=ma1,1+4mi1,1,1-

sdydy

Notice (2,1, 1) is the transpose of (3, 1).

Lemma 1.2.1.
ex = myr + linear combination of m,, with m, < A"

Proof. Suppose m,, occurs with positive coefficients in ey = ey, ...ey,. Then /" ... zk»
occurs in the expansion.

p S #{i A > 1 =00) = (A
pr+pe <240 N > 2+ #{i N =1}
SHE N = 2b+#Hi N > 1)
< (A2 + (W
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For any j,

p1 A+ pe SJ‘#{ii)\iZj}Jrzk#{ii)\i:k}
j

Z#{m >k} =Y ()

k=1
So we have i =< AT, To get equality, must take z1x2 ...z, as the conjugation from e,

then we have the term m,r with coefficient 1. [ |

Corollary 1.2.1.

Proof. Fix a degree d. The e)r with |\| = d are related to my with |A\| = d by an upper

triangular matrix. [ ]
A =7Zler,ea, ... e5]

A, — A, _; by setting z,, — 0. Equivalently

my A <n-1 ex AT)<n-1
my — N s
0 ‘(N =n 0 ((A\)>n

A =lim ey Ay, graded inverse limit.

In any fixed degree, this diagram stabilizes, with

A=17Zle,eq,...] @Z €>\—®Z my

We can obtain a lot of equations that does not consider how many variables we use, like

m% =Mma + lel, m‘f =ms3 + 3m21 + 6m111.

A is a graded ring with ring maps to every A,,. We would have diagrams like
RN A z3+—0 A To—1 A1

Concretely, A = Z[e1, e2, €3, . . .], and the maps A — A,, sends e; — ¢; for i < n and e;to0
for j > n.
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A=, Z- -ex =&, Z-m). Fore, -e,, do the computation in a large enough A,,.

Given — -+ — x3 = x9 — x1. We say that Y is lim.,, X, if there are maps 7; : ¥ —
z1,m2 1 Y — X, ... and for any Z we such compatible maps (a1, as,...), there exists
unique f : Z — Y such that a; = 7; o f.

ex, is the character of \" C".

hx=hxhxy ... = Zug@g...gm X, Xiy - - - x4, , Which is the character of SymF* C™.
hy = Zigj Lilj = Sat+ ZK]- TiTj; = Mg + My

hi1 =h? =2 xi)Q = mao + 2my;.

We already know that A = Zley,ez,...] = @, Z - ex. We want to know that if A =
Zlhi ha,.. | = @, Z - hy.

The key thing is to check that e;’s are polynomials of h;’s and vice versa. Once we do
that, we know the e’s and the h’s generate the subring of A.

Lemma 1.2.2. Forany k, Zfzo(—l)jejhk—j = 0.

Generating functions.

Procf. % e (~1 = [T, (1 - ).
E?io hit! = [T2o (L + it + 23t +..) = [[;2, %m

So
ei(=ty | [Donit’ | =1
Jj=0 j=0
Taking the coefficient of t* we have Z?ZO(—I)j ejhi—; =0. [ ]

Corollary 1.2.2. ey, is a polynomial in hq, he, ..., hy.

Proof. Induct on n. Base case: e; = h;.

er = Z?;&(—i)jflejhk_j. Inductively, for each e; for j < kus a polynomial by, ho, ..., hj,

SO we win. ]
The Hall inner product
This is a positive definite symmetric bilinear pairing

Computation of last class
h)\ = Z Ammﬂ

12
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work out the matirx to expand h and m s

Theorem 1.2.1.

Axm = #{Z>omatrox BwithrowsumAandcolumnsumy}

Corollary 1.2.3. Ayp, = A
Corollary 1.2.4. (,) is symmetric.

THe definition of A, is all product of x’s
ha(@) = hy, (@)ha, (@) ... = [[ Fn (@)
i=1

hy, is the sum of all monomial of degree A;

- L < Z (1) P (ar2) P2 ) = Z H(x?“ﬂcf” ...)(distributive)

Bi1+Bis+ldots=X\; B,ijzo,Bi]-'rBinr...:/\qy 7
B,
_ 2 : (36121 1 ) — § : xcolsum(B)
B;;>0,B;1+Bia+...=X; B,rowsum(B)=\

So coefficient of z* is number of B with row sum = A and column sum = .

Let’s redo this computation using generating function, since we will do a lot of things

from gen function perspective.

Start with generating function for Ay

Sty = [[—
k=0 j

L —ty;

Multiply copies of it (¢ renamed to z;):

101 Eernil | DIEERIN0)
i g B i ks

2

use distributive law we have

= Z folhkb (yl) = Z (‘rlfl .- ')hkl (yl)hkz (y2> e = Z mk(‘r)hAQ/)
ki kz,..=0i=1 P — AL A
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THe conclusion is that

[ = me@mn
1 vy

ij= A
plugin the def we have
Y Avama(@)mu(y)
A1
to check A, is symmetric
The product [[75_, ﬁ the product of sum of geometric series ... if I expand I just

choose the exponents to raise

As computation gets messier and messier gen function methods will be more useful

o0

we will see J[;"_, ﬁ coming up and up again (we’ll call it Cauchy’s product since

it does not seem to have a name)

We expand a symmetric thing asymmetrically. In general, if we have some identity that
can be expanded in this way want can be deduced?

Suppose pi (X) and gz, (y) are two families of homogeneous symmetric polynomials in-
dexed by some index sets.

Suppose we have an expansion formula

H # = ZBKLPK(x)QL(y)vBKL €Z

Proposition 1.2.1. From the above condition we can deduce that the pxZ-span A, as do the
qr’s.
If pi,qr. € QA, and Biy, € Q, then py, must Q-span A, as do the q1’s.

behind the scene (using ... to express Lambda tensor Lambda)

(f,) : A — Z,italso induces amap (f,) ®id : A ®z A — A. (thinking about coefficients)

Lemma 1.2.3.

,J

<f<x>,H1_1W> - 1)

in vartable x

Proof. it is enough to check this for f in a Z-basis of A.

@) [ ) = ( ma@), S ma(@)ha(y) ) = ha(y)
1—z;x; T
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m
Let's go back to the proposition.
Proof. Forany f € A,
s = (5@ T =)
KZ kL (2)qL(y) = KZL Brer (f(x),p(N)) qr.(y) u

Corollary 1.2.5. Suppose px and qy are the families of homogeneous symmetric polynomials
indexes by partitins with deg py = degqx = |\| and

Hl—xx] > Baupa(2)qu(y), Bay € Z

Then

A:@ZP,\:@ZCL\
,\

Solve this and get tenure:

[[—— = swsr@)su®)s.(2)

1—zy:2
iYj%k Ao

Suppose now p)(X) and ¢,,(y) are two families of homogeneous symmetric polynomials
in A indexed by partition with degpy = deg gy = |\| and let

o0

Hll—xxJ—ZB)\#p)\ )B,\Néz

1,j=

Let Cx, = (pr(x), qu(x)). Then B and C are inverses.

Proof. <pl,(y)7 11 ﬁ> = pu(x) So
> Baupa(@) (00 (1), 4u()) =Y BapCuppa ()
Al A

LHS have linear combination of p RHS we have matching up coefficients of two sides

1 A=up
0 A#p

= BCT =id

Z B)\,ucu,u = {
m
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In particular, if [ | ﬁ = >, caba(x)pa(y) the py are orthogonal for (, ).

If we have no coefficients then this results in an orthornormal basis. [| ﬁ =\ sa(@)sa(y)
(properties of schur polynomials we will discuss next week.)
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