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LAST TIME R = ring. f, g ∈ R[x], g 6= 0. If the leading coefficient of g is a unit in R then
∃q, r ∈ R[x] s.t. f = gq + r and deg(r) < deg(g).

Corollary. For α ∈ R and f(x) ∈ R[x], ∃q(x) ∈ R[x] s.t. f(x) = (x − α)q(x) + c, c ∈ R.
Evaluate this at α =⇒ c = f(α).

Example. In Z[x], 4x3 + x = (2x)2x2 + x. But 4x3 + x 6= (2x)q(x) + r(x) with deg(r) <

deg(2x).

If K is a field, what are the ideals in K[x]?

ANSWER Any nonzero ideal in K[x] is (g(x)) where g(x) is any nonzero element of I
having the smallest possible degree.

Proof. For f(x) ∈ I , f = gq + r, q, r ∈ K[x],deg(r) < deg(g). Bur r = f − gq ∈ I , so the
minimality of deg(g) =⇒ r = 0 =⇒ g | f, i.e. f ∈ (g). �

Definition. In a ring R, for any α ∈ R, (α) := αR is called a "principal ideal".

NOTE (α) = (αu) for any u ∈ R∗. If R = integral domain, α, β ∈ R, then (α) = (β) ⇐⇒
α = βu, u ∈ R∗.

Proof. α = βx, β = αy, x, y ∈ R. Then α = βx = (αy)x =⇒ α(1− yx) = 0.

Then α = β = 0 or yx = 1 =⇒ x, y ∈ R∗. �

Units in R[x]:

If R = integral domain, (R[x])∗ = R∗.

If R = Z/4Z, (R[x])∗ = 1+2R[x]. For y ∈ R[x], (1+2y)2 = 1+4y+4y2 = 1. If f, g ∈ R[x]
satisfy fg = 1 then apply homomorphism: ϕ : R[x] → (R/(2))[x] to get ϕ(f) · ϕ(g) = 1

in (R/(2))[x] = (Z/2Z)[x] =⇒ ϕ(f) = ϕ(g) = 1 =⇒ f, g = 1 (mod 2) =⇒ f =
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1+ 2A, g = 1+ 2B,A,B ∈ R[x] =⇒ fg = 1+ 2(A+B) + 4AB = 1+ 2(A+B) which is
1 iff A = B + 2C =⇒ f = 1 + 2(B + 2C) = 1 + 2B = g.

(Z/(6)[x])∗ = {±1}.

R,S rings, R × S with coordinate wise addiction and multiplication is a "production
ring".

Ring extensions

Some examples:

Z[i] = Z[x]/(x2 + 1),Z
[
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]
= Z[x]/(2x− 1)

If R is a ring and I is an ideal of R[x], then R[x]/I is a ring and ∃f : R → R[x]/I, r 7→
r(x) 7→ r + I is a homomorphism but not necessarily injective.

(Z/(4)[x])/(2x− 1). Let u = image of x in this ring. Then 2u = 1 =⇒ 0 = 4u2 = 1 =⇒
it is a zero ring.

If f(x) is a monic polynomial inR[x] of degree n and S := R[x]/(f(x)) then each element
of S can be written in exactly one way as a(x) + (f(x)) with deg(a) < n.

Since if g(x) ∈ R[x] then g = fq + r for some unique q, r ∈ R[x] s.t. deg(r) < n.

K = field: K[x] is a principal idea domain, so: for f, g ∈ K[x], the ideal (f, g) = (h) for
some h ∈ K[x].

So:

h = uf + vg, u, v ∈ K[x]

f = hr, g = hs, r, s ∈ K[x].

And if w ∈ K[x] divides both f and g then w | h.

If p(x) ∈ K[x] is irreducible (non-zero, non-unit, and not a product of two non-units)
and p | fg, then p | f or p | g.

Proof. If p - f then (p, f) = (h) where h | p and h | f .

Since p is irreducible, either h = p·unit or h = unit. Since p - f , h 6= p·unit. Hence h =

unit and since (h) = 1 we have h = 1.

Hence pu + fv = 1. Multiply both sides by g we have pug + fvg = g. By hypothesis fg
is divisible by p. Hence p | g. �
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