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1 Representation Theory, cont’d

Lemma 1.1. If ρ : G→ GL(V ) is a finite dimensional G-representation of a finite group G and
χ is the character of ρ which is non trivial and irreducible, then∑

g∈G
χ(g) = 0,

and the multiplicity of the trivial representation in any decomposition of ρ as the sum of irredicu-
ble representations is

〈χtriv, χ〉 =
1

|G|
∑
g∈G

χ(g).

Theorem 1.1. If ρ : G → GL(V ) and ρ′ : G → GL(V ′) are irreducible representations of G
with characters χ and χ′, then

〈χ, χ′〉 =

1 ρ ∼= ρ′,

0 otherwise.

Proof. This says

1

|G|
∑
g∈G

χ(g)χ′(g) =

1 ρ ∼= ρ′,

0 otherwise.

From homework we have character of HomC(V,W ) is χχ′. So this is the multiplicity of
ρtriv in HomC(V,W ).

HomC(V,W ) has structure of G-representation via g.φ mapping v 7→ g.φ(g−1.v). φ is
fixed by G in the sense that ∀g, g.φ(g−1.v) = φ(v).

So φ : V →W is a homomorphism of G-representations. �
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Lemma 1.2. Let f : G → C be a class function (i.e. a function which is constant on each
conjugacy class of G.)

Let ρ : G→ GL(V ) be a representation. Let φ : V → V be φ =
∑

g∈G f(g)ρ(g).

If ρ is irreducible of degree n with character χ, then φ is scaling by 1
n

∑
g∈G f(g)χ(g) =

|G|
n 〈f, χ〉 .

Proof. φ is a C-linear map V → V. We want to show

∀g ∈ G,φρ(g) = ρ(g)φ. (1)

This is true since

φρ(g) =
∑
g′∈G

f(g′)ρ(g′)ρ(g)

=
∑
g′∈G

f(g′)ρ(g′g)

=
∑
h∈G

f(hg−1)ρ(h)

ρ(g)φ =
∑
g′∈G

f(g′)ρ(g)ρ(g′)

=
∑
h∈G

f(g−1h)ρ(h).

But g−1h = h−1(hg−1)h so f(g−1h) = f(hg−1).

Hence φ is a homomorphism of G-representations from V → V, so it is scaling, say by c.
Then we have

cdimV = tr(φ) =
∑
g∈G

f(g) tr(ρ(g)) =
∑
g∈G

f(g)χ(g).

�

Theorem 1.2. The characters χ1, . . . , χn of the irreducible representations of G form an or-
thonormal basis of the space of class functions on G.

Proof. Just need to show that χi’s span the space of class functions.

Pick any class function f . Replace f by f −
∑n

i=1 〈f, χi〉χi to assume f is orthogonal to
very χi. We want to show that f = 0.

From Lemma 1.2 we have that ∀i, the φ coming from χi is 0.
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Hence ∀ representation ρ, the φ coming from ρ is 0. Apply this to the regular representa-
tion ρreg.

ρ = regular representation ⇐⇒ V has basis eg, g ∈ G.

φ(e1) =
∑
g∈G

f(g)ρ(g)(e1)

=
∑
g∈G

f(g)eg.

But φ is the 0 map, so
0 =

∑
g∈G

f(g)eg.

Hence f(g) = 0,∀g. �

Proposition 1.1. For g ∈ G, let c(g) be the size of the conjugacy class of G. Then if χ1, . . . , χn

are the irreducible characters of G then

n∑
i=1

χi(g)χi(g)
|G|
c(g)

= |CG(g)|

and if g′ ∈ G is not conjugate to g then

n∑
i=1

χi(g)χi(g) = 0.

Proof. Let f : G → C be 1 on the conjugacy class of g, and 0 elsewhere. This is a class
function. Then

f =

n∑
i=1

〈f, χi〉χi

where
〈f, χi〉 =

1

|G|
∑
g′′∼g

χi(g
′′) =

c(g)

|G|
χi(g).

Hence

f =
c(g)

|G|

n∑
i=1

χi(g)χi

So for g′ ∈ G we have

f(g′) =
c(g)

|G|

n∑
i=1

χi(g)χi(g
′)

If g is conjugate to g′ then χi(g
′) = χi(g) =⇒

∑
χi(g)χi(g) =

|G|
c(g) .
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If g is not conjugate to g′ then
∑
χi(g)χi(g) = 0. �
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