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1 Representation Theory

Definition 1.1. (G-representation) A linear representation of a group G on a vector space
V is a (group) homomorphism p : G — GL(V) where GL(V) is the group of linear

transformations V — V.

We have

deg(p) o dim(p) L Qim V.

Example 1.1. ¢ Trivial representation:

plg) =idy, Vg € G.

* Representation of C5 on V = C? maps

(123)—

o = O
= o O
o O =

¢ For any action of G on a finite set S, let V' be a vector space with basis in bijection

with S, say basis e;, (s € S), where p(g) maps e, — eg.,.

00 1 010
S5 — GL3(C), (123)— |1 0 0|,(12)— |1 0 0
010 00 1



0001 0100
1000 1000
Dy — GL4(C), (123 4) — L(12)(34)—
4 4(C), ( )0100()()0001
00 10 00 10

Definition 1.2. The regular representation is the representation associated to the action

of G on itself by left-multiplication. (= dimension = |G|.)

Definition 1.3. The sign representation of S, is

p:Sn — GL1(C) = C*, p(g) = sgn(g).

Definition 1.4. If V is a G-representation (i.e. p : G — GL(V') is a homomorphism,) then
a sub-representation of V is a subspace W of V which is G-invariant, in the sense that

gw €W, Vg e Gyw e Wie. p(g)(W) C W.

A subspace W of V is a sub-representation if and only if the following exists.

G ——— GL(V)

{ € GL(V) : p(W) C W}

Example 1.2. ¢ The trivial representation of G on V acts as the trivial representation

on every subspace of V.
e D, acts on R? via isometries. But no 1-dimensional of R? is G-invariant.

The action of D4 on C* has 1-dimensional invariant subspace C(e; +e2 +e3+e4) =
V1. It induces the trivial representation on this subspace.

There is also a 3-dimensional invariant subspace {cie1 + caea + czes + cseq : ¢1 +
CQ+03+C4:0}:V3.

Notice that C* = V; @ V5. Can we decompose further?
v=e;—ext+e3—e4,(1234):v— —0,(12)(34)v— —v

So V3 has G-invariant subspace W = span{e; — ez + €3 — e4}



Orthogonal complement of W in V3 is
{6161 4+...4cges =0,c1+co+c3+cs=0,¢c1 —co+c3 — 4 :0}

which is G-invariant. This has no 1-dimensional G-invariant subspace.

If V,W are G-representations then so is V & W. via g.(v,w) = (g.v,g.w). In terms of
matrices: if p; : G — GL(V), p2 : G — GL(W),

e.g.
p1:Co—=C* g—1

p2: Co = C*, g+ sign(g)
p1Dpa: 02 — GLQ((C)

For any n-th root of unity ¢,
p:(Z/nZ) — C*=GLy(C),i ('

is a 1-dimensional representation.

Definition 1.5. A representation is irreducible if it has no proper positive-dimensional
sub-representations.

Definition 1.6. Two G-representations V and W are isomorphic if there is a vector space
isomorphism ¢ : V — W which is compatible with the G-action, in the sense that

g9.0(v) = ¢(g.v),Yg € G,v € V.

In terms of commutative diagrams:
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